The general relativistic symmetry of quantum electrodynamics (QED) predicts that the spin vorticity of electron contributes to the kinetic momentum of electron. The canonical quantization of QED is performed by using new b-photon, f -electron, and f c -positron algebras. These algebras work for interacting particles and are useful for nonperturbationally solving the dual Cauchy problems of QED.
Introduction
Let us ask a simple but "odd" question: what is momentum of electron spin? "How odd this question is" should be obvious since electron is considered a point particle and spin is its internal degree of freedom and then spin is considered to have nothing to do with momentum. On the contrary to this obvious common sense, we shall prove that the spin vorticity of electron contributes to the kinetic momentum of electron.
The key idea is the general relativistic symmetry of QED (quantum electrodynamics) [1, 2] . QED is reformulated in a way that is covariant under general coordinate transformation [3] [4] [5] . The consequence gives the right answer to the odd question raised above.
In QED, every dynamical variable is given by the quantized q-number field operator defined on the background Minkowski spacetime x μ = (ct, x) with symbol on it, e.g.F(x), distinct from countable c-number, e.g. F(x) [1] . Surprisingly, it is not the velocity ∂ˆ s(x)/∂t but the vorticity rotˆ s (x) of the spin vector field operatorˆ s(x) that contributes to the kinetic momentum operatorˆ (x) under the covariant symmetry of the general coordinate transformation (with factor 1/2; see Eq. (2.21) in Sect. 2.3).
In Sect. 2, we shall first quickly review our preceding publications on general relativistic symmetry of QED [6] [7] [8] [9] in such a way that it warrants the derivation of the general relativistic symmetry of electron spin vorticity. In Sect. 3, the canonical commutation relationship of the electromagnetic field of photon and the canonical anticommutation relationship of the Dirac field of electron and positron are studied nonpertubationally using new devices called the b-photon, f -electron, and f c -positron algebras. In Sect. 4, we construct the ket vector with wave function for the dual Cauchy problems of QED and conclude the concrete space-time resolved simulation of the c-number F (x) for the q-numberF(x). Mathematical details are summarized in "Appendix 1" for the Minkowski spacetime and "Appendix 2" for general relativity.
Spin vorticity

Covariant derivative on the background Minkowski spacetime
On the background Minkowski spacetime, the Dirac equation of the Dirac spinor operatorψ with the covariant derivativeD μ of QED is given as [1] ihγ μD μ − mc ψ = 0 (2.1)
where m is the mass of electron, c is the speed of light in vacuum, q = −e is the charge of electron, andÂ μ the Abelian gauge potential of photon in the Coulomb gauge. The charge currentĵ
satisfies the conservation law
and the kinetic momentumˆ
In the right hand side, the force is composed of the Lorentz forceˆ L and the tension
which is the divergence of the stress tensor↔ τ
The stress tensor itself is not defined uniquely since mathematically any tensor whose divergence is zero can be added to.
Covariant derivative of general relativity
To seek for the variation principle of the equation of motion on the background curved spacetime, the semiclassical Einstein-Hilbert action integral has been used under the symmetry of the general coordinate transformation of gravity [1] 
where R is the Ricci scalar, G is the universal gravitational constant, andL is the Lagrangian density of QED including the interaction with gravity. The gravitational covariant derivativeD μ (g) is then given as [3] [4] [5] (2.10) with the spin angular momentum Using the gravitational covariant derivative, the stress tensor of electronτ μν (g) becomes [6, 7] τ
Spin vorticity
In this variation principle, due to the presence of the spin connection γ abμ , a new symmetry-polarized geometrical tensorε μν appears and whose antisymmetric component cancels with that ofτ μν (g)
This cancellation is originated from the fact that in order to satisfy the symmetry under the general coordinate transformation the energy-momentum tensorT μν should be symmetricT μν =T νμ (2.17) It follows that the electronic part of the energy-momentum tensorT eμν ofT μν should be symmetricT
Consequently, the cancelling is mandatory.
What is the physical meaning of Eq. (2.14)? The answer is twofold as is found if we take the limit to the Minkowski spacetime. First, for the time sector with μ = 0, ν = 1, 2, 3 we obtain
Second, for the space sector with μ, ν = 1, 2, 3 we obtain 
The Cauchy problem
In QED, the dynamics ofˆ s(x) is mediated by the electromagnetic field, and the associated charge current Eq. (2.3) is conventionally represented aŝ
The Cauchy problem of the QED operator dynamics in the Heisenberg representation has been elaborated elegantly by Nakanishi using ghost field in the Landau gauge [2] .
Here in this paper we use the Coulomb gauge for the vector potentialˆ
with the conjugate transversal electric field
and we do not invoke the additional ghost field.
To solve for the Cauchy problem of QED, clocks at different space points are synchronized at t = t 0 (= 0), when canonical quantization is performed with the definition of the vacuum ket vector |0 . Theĵ μ (x) develops forward t > t 0 with the retarded interactions mediated by photon. The vacuum and field operators are not defined backward t < t 0 (see Fig. 2 ). The equal-time canonical quantization of the electromagnetic field leads to the equal-time commutation relationships
Second, the equal-time canonical quantization of the Dirac field leads to the equal-time anti-commutation relationships
These fields should of course be renormalized in a step-by-step way, reflecting the time-dependent minimal coupling.
The time-development ofˆ s (x), or any field operatorF(x) obeys the Heisenberg equation of motion
with the QED HamiltonianĤ QED . Note thatĤ QED is made to be independent of time
TheĤ QED is given in the Coulomb gauge using the normal order denoted as : : modulo c-number albeit infinity if anŷ
In due course, for application to realistic situation in experiments of spin dynamics, we need to set up wave function in order to discriminate numbers of electrons, positrons and photons, and calculate
where | H denotes the time-independent ket vector in the Heisenberg representation. This is another Cauchy problem in QED (see Sect. 4).
New algebras
Causality and initial condition
To obtainF (x) with x μ = (ct, x) at position x with time t in the Minkowski spacetime, we may collect information ofĵ μ (y) with y μ = (cu, y) at distant y with the retarded time
satisfying causalitŷ
and initial condition (see Fig. 3 ) For this purpose, in the following discussions we may use that any function
may be obtained at u with
where we have used the delta function
Electromagnetic field
The vector potentialˆ A(x) should satisfy the Maxwell equation with the transversal charge current
Using the standard Green function, we have [1]
whereˆ A radiation (x) denotes the radiation vector potential. It should be noted that we have used Eq. (3.4) using the causality and initial condition and then obtained the retarded potentialˆ A A (x) with separation of space-time variables (see Fig. 4 ).
Theˆ A radiation (x) is given by the a radiation -photon field
with the usual dispersion relationship of spectrum
and the polarization vector e( p, σ )
Note the usual commutation algebra of the a radiation -photon field
The generic solution may be given by using the b-photon field defined as followŝ
By using the integral form of the current
the b-photon field may be represented as 
where ν (| p|) b denotes real positive frequency that depends on | p|. The b-photon field apparently includes the a radiation -photon field in a delta-function form
Then, the electromagnetic part ofĤ QED (modulo c-number vacuum energy) in Eqs. (2.36) and (2.37) is given aŝ
which part may depend on t and t 0 althoughĤ QED is independent of t. Moreover, Eq. (3.26) includes the radiation part (modulo time-independent c-number vacuum energy) given as
(modulo time-independent c-number) (3.27) which is manifestly independent of t as well as t 0 .
The Dirac field
Theψ(x) may be given by using the spinor Green function
whereψ free (x) denotes the free field. Theψ free (x) is given by the free e free -electron and e c free -positron fieldŝ
and the anti-commutation algebra
The Dirac spinors u( p, σ ) for electron and v( p, σ ) for positron satisfy
The generic solution may be given by using the f -electron and f c -positron fields defined as followŝ
Applying the first thermalization of the b-photon field Eqs. (3.22)-(2.1), we obtain the second thermalization of the f -electron field
and the third thermalization of the f c -positron field
The field algebra in Eqs. (2.31) and (2.32) are recovered if we assume the f -electron and f c -positron algebras
where ν (| p|) f denotes real positive frequency that depends on | p|. Also, Eq. (2.33) is recovered if we assume
The f -electron and f c -positron fields apparently include the e free -electron and e c freepositron fields respectively in the delta-function formŝ
Then, the Dirac part ofĤ QED (modulo c-number vacuum energy) in Eqs. (2.36) and (2.37) is given aŝ
which part may depend on t and t 0 althoughĤ QED is independent of t. Moreover, Eq. (3.53) includes the free part (modulo time-independent c-number vacuum energy) given as
(modulo time-independent c-number) (3.54) which is manifestly independent of t as well as t 0 .
Conclusion
The wave function N (ω 1 , . . . , ω N ) in the Hilbert space of QED is equipped with the ket vector
in term of the Heisenberg (H ) or Schrödinger (S) representation satisfying the Heisenberg equation
or the Schrödinger equation
The ω denotes the collected set of variables for expansion of the wave function using the basis ket vectors; a primitive choice may be given with the obvious notation
For permutation P of variables
the wave function changes the antisymmetric (−) sign
Using the primitive choice described above, the basis vectors are orthonormal
This demonstrates another Cauchy problem in QED. Namely, for an event α i starting at t i with t 0 < t i ; i = 1, 2, 3, . . ., we set up the initial ket vector | (α i , t i ) H for Eq. (4.2) but need to obtain the wave function N (α i , t i ; ω 1 , . . . , ω N , t) developing from t i to t with t i < t onward obeying
using the time-independent function
for each event α i starting at t i with t 0 < t i < t;i = 1, 2, 3, . . . developing onward with x μ = (ct, x) at position x with time t in using Eq. (2.39).
This concludes the way for solving the dual Cauchy problems in QED using the new b-photon, f -electron, and f c -positron algebras. These new algebras work for interacting particles through the first thermalization Eq. (3.22), the second Eq. (3.45), and the third Eq. (3.47). As compared with the conventional Gell-Mann-Low relationship using covariant perturbational approach [1] , this present approach paves the way for realizing nonperturbationally space-time resolved simulation of QED.
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Appendix 1
In this Appendix, we may first quickly review basic mathematics. The coordinate x with the contravariant components x μ and the covariant components x μ and the metric tensor η μν = η μν of the Minkowski spacetime, together with the inner product of two 4-vectors A and B written as A · B as well as the inner product of the Dirac gamma matrices γ μ and a 4-vector A written as the Dirac slash A are defined as
where the Einstein summation convention is used. The spinor in the chiral representation ψ chiral (x) is constructed by the undotted spinor ψ R (x) = ξ A (x) with right-handed chirality and the dotted spinor ψ L (x) = ηU (x) with left-handed chirality as
The undotted and dotted capital Latin letters run from 1 to 2 and change position by using the antisymmetric matrix ε as
where the Einstein summation convention is used. The Pauli matrix σ with the contravariant components σ μ and the covariant com-
(note the use of 1 as the unit matrix) are cast into the MTW (Misner-Thorne-Wheeler) representation [10] 
Also, the Dirac gamma matrices γ μ and the chiral matrix γ 5
are given in the chiral representation using the MTW representation of the Pauli matrices as
where the following MTW representation is found for the diagonal block
The Clifford algebra of the Dirac gamma matrices should be
Appendix 2
In this "Appendix 2", we quickly review variation principle of QED with gravitation.
Semiclassical Einstein-Hilbert gravitational action for QED
The semiclassical Einstein-Hilbert gravitational action I G is added to the system action I S and made stationary δ I = 0, I = I G + I S (6.1)
First, for the variation δg μν of the symmetric metric tensor g μν = g νμ , the Einstein equation is derived as
In QED system, the variation principle leads to the Dirac equation of electron
and the Maxwell equation of photon
with the continuity equation of current
In terms of the vector potential, we have the field equation
Let the Coulomb gauge be given as
Then, we get the Laplace equation The symmetric energy-momentum tensor
T μν = T EMμν + T eμν (6.16) 
Energy-momentum tensor and spin vorticity
In the limit to non-gravitation field, the energy-momentum tensor T eμν is reduced to 
